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Combustion chemical kinetics is a very rich and complex field

Cleaner Combustion: Developing Detailed Chemical Kinetic 
Models, by Battin-Leclerc, Simmie, Blurock (Editors), 2013

Analysis of Kinetic Reaction Mechanisms, by 
Turányi, Tomlin (Authors) 2014 

Mathematical Modelling of Gas-Phase Complex Reaction 
Systems: Pyrolysis and Combustion, by Faravelli, Manenti, 
Ranzi (Editors) 2019 

Chemically Reacting Flow: Theory, 
Modeling, and Simulation, by Kee, 
Coltrin, Glarborg, Zhu (Authors) 2017 

This short course will only be scratching the surface. 
More details available in topical textbooks,

… and a very large volume of specialized journal articles! 2
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Thermodynamics vs. Kinetics

KINETICS

Reactants ⌧ Products

<latexit sha1_base64="FR0Vk455rr/3ovGHWH7KLsKfCh8=">AAACHHicbVDLSgMxFM34tr6qLt0Ei+CqzGhFl6Ibl1WsFtpSMumdNjSTDMkdtQz9EDf+ihsXirhxIfg3po+Fth4IHM45l5t7wkQKi77/7c3Mzs0vLC4t51ZW19Y38ptbN1anhkOFa6lNNWQWpFBQQYESqokBFocSbsPu+cC/vQNjhVbX2EugEbO2EpHgDJ3UzB/WER4wuwLGkSm0tE/rEiI0ot1BZoy+t3QUoWWjWylH22/mC37RH4JOk2BMCmSMcjP/WW9pnsagkEtmbS3wE2xkzKDgEvq5emohYbzL2lBzVLEYbCMbHtene05p0Ugb9xTSofp7ImOxtb04dMmYYcdOegPxP6+WYnTSyIRKUgTFR4uiVFLUdNAUbQkDHGXPEcaNcH+lvMOMK8r1mXMlBJMnT5Obg2JQKh5dlgqnZ+M6lsgO2SX7JCDH5JRckDKpEE4eyTN5JW/ek/fivXsfo+iMN57ZJn/gff0A4jSjHw==</latexit>

A
m
ou

nt

<latexit sha1_base64="1aSofKErqGYNI4y1xg/9jjYYNLI=">AAACK3icbVDLSgMxFM34rPVVdekmWARXZUYUXda6cVnFaqEtJZPeaYOZZEjuqGXo/7jxV1zowgdu/Q/Tx0KtBwKHc85Nck+YSGHR99+9mdm5+YXF3FJ+eWV1bb2wsXlldWo41LiW2tRDZkEKBTUUKKGeGGBxKOE6vDkd+te3YKzQ6hL7CbRi1lUiEpyhk9qFym4T4R6zC2AcmUJLB7QpIUIjuj1kxug7S8cRWjW6k3K0g/xYOIl1qnDQLhT9kj8CnSbBhBTJBNV24bnZ0TyNQSGXzNpG4CfYyphBwSW421MLCeM3rAsNRxWLwbay0a4DuuuUDo20cUchHak/JzIWW9uPQ5eMGfbsX28o/uc1UoyOW5lQSYqg+PihKJUUNR0WRzvCAEfZd4RxI9xfKe8x42pz9eZdCcHflafJ1X4pOCgdnh8Uy5VJHTmyTXbIHgnIESmTM1IlNcLJA3kir+TNe/RevA/vcxyd8SYzW+QXvK9vDjKpcQ==</latexit>

Time

<latexit sha1_base64="3vysHUbLYrJceGI/SdZzBEMO8Ik=">AAACKXicbVDLSgMxFM3UV62vqks3wSK4KjNS0WXRjcsq1hbaUjLpnTaYSYbkjlqG/o4bf8WNgqJu/RHTx8LXgcDhnHOT3BMmUlj0/XcvNze/sLiUXy6srK6tbxQ3t66sTg2HOtdSm2bILEihoI4CJTQTAywOJTTC69Ox37gBY4VWlzhMoBOzvhKR4Ayd1C1W99oId5hdAOPIFFo6om0JERrRHyAzRt9aOo3QmtG9lKMdFabCpYhh1C2W/LI/Af1LghkpkRlq3eJzu6d5GoNCLpm1rcBPsJMxg4JLcHenFhLGr1kfWo4qFoPtZJNNR3TPKT0aaeOOQjpRv09kLLZ2GIcuGTMc2N/eWPzPa6UYHXcyoZIUQfHpQ1EqKWo6ro32hAGOcugI40a4v1I+YMaV5sotuBKC3yv/JVcH5aBSPjyvlKonszryZIfskn0SkCNSJWekRuqEk3vySF7Iq/fgPXlv3sc0mvNmM9vkB7zPLzVCqHg=</latexit>

EQUILIBRIUM

En
er

gy Reactants

Products
}

<latexit sha1_base64="JKFFPNiQQzz5Z5hLHbR62tIdsrU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVr18r5Wqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6EkjW8=</latexit>

�G < 0

<latexit sha1_base64="FpY6B3PU+sa8ilA1tONHMcUW9Nw=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKexKRA8eggp6jGAekF3C7KQ3GTL7YKZXCEt+w4sHRbz6M978GyfJHjSxoKGo6qa7y0+k0Gjb31ZhZXVtfaO4Wdra3tndK+8ftHScKg5NHstYdXymQYoImihQQidRwEJfQtsf3Uz99hMoLeLoEccJeCEbRCIQnKGRXPcWJDJ6R6+o3StX7Ko9A10mTk4qJEejV/5y+zFPQ4iQS6Z117ET9DKmUHAJk5KbakgYH7EBdA2NWAjay2Y3T+iJUfo0iJWpCOlM/T2RsVDrceibzpDhUC96U/E/r5ticOllIkpShIjPFwWppBjTaQC0LxRwlGNDGFfC3Er5kCnG0cRUMiE4iy8vk9ZZ1alVzx9qlfp1HkeRHJFjckocckHq5J40SJNwkpBn8krerNR6sd6tj3lrwcpnDskfWJ8/8hiQUw==</latexit>

En
er

gy

“Reaction coordinates”/time

Activation 
Energy

Reactants

Products

3

3

Part I guiding example – Heptane/Air combustion

Objective: obtain the time evolution of an homogeneous 
mixture of heptane and air in a box

q Definitions of variables and initial system characterization
q What is a chemical kinetic mechanism and what does it contain?

q Governing equations and challenges associated with their integration
q Actually obtaining the species and temperature profiles

Part I really is about practical aspects: formalism and modeling framework to simulate 
the evolution of combustion in an homogenous reactor. 
In Part II, we’ll go deeper into the associated dynamics and some interesting challenges 
they create, both from a conceptual and an application point of view.

Heptane C7H16 
standard air (O2 and N2)

4
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Definitions and useful relations
Combustion always involves multiple species: { Si, with i = 1 to Ns }

Molar view
q One mole contains NA = 6.0236 x 1023 molecules (Avogadro number)

q Number of moles of species Si  in system :    ni
q Total number of moles in system : 

q Mole fraction of species Si :

By construction, 

Xi ⌘
ni

n

<latexit sha1_base64="tp/iFMOrYXPuhwUyDTPXSIAl6k4="></latexit>
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Definitions and useful relations
Mass viewpoint
q Conversion from moles to mass via the molar mass : Mi

q Mass of all molecules of species Si in the system : 

q Total mass in the system : 

q Mass fraction of species Si :

By construction,

q Mean molar mass: 

q Mole-to-mass fraction conversion : 

m =
NsX

1

mi

<latexit sha1_base64="0i9mBGQY4Vj1kBKfVlD4lWC3q1Q="></latexit>
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NsX
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Yi = 1
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Definitions and useful relations
Concentration (or partial molar density) viewpoint

q The number of moles of species Si per volume V is called partial molar 
density, or more commonly concentration:

q Total molar density of the system :

q (Mass-based) density of the system :

q Relation between concentrations and mass fractions :

Equation of state

q For most combustion applications, the ideal gas law is valid :

7

[Xi] =
ni

V
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n

V
=

NsX

1

[Xi]
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⇢ =
m

V
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with the universal gas constant R = 8.3143 J/mol.K

[Xi] =
⇢Yi

Mi
=

n

V
Xi
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p =
nRT

V
=

⇢RT

M
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Initial system characterization
q We need to know:

q Chemical species present
q How much of each there is
q Appropriate thermochemical properties

q Convenient to work with intensive quantities:

q Concentrations or mole/mass fractions  
q Only 2 thermochemical properties needed: P-T, T-rho

8

Heptane/Air 
mixture

Global reaction/equation 

q Characterizes the stoichiometry of a fuel/oxidizer mixture for ideal and complete 
combustion, aka how much oxygen we need to fully oxidize the fuel. 

q Does not describe an actual molecular process

Equivalence ratio 

q Quantifies whether we have too much (lean combustion), just enough (stoichiometric 
combustion) or not enough (rich combustion) oxygen available to oxidize the fuel

�
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� =
(XF /XO2)

(XF /XO2)stoic
=

(YF /YO2)

(YF /YO2)stoic
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Example: initial composition of an heptane/air 
mixture at    = 0.9

Note: Elements are conserved during combustion!

�
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Carbon atom 
(valence = 4)

C-C bond

Heptane (NC7)

C7H16 +           O2    =         CO2    +         H2O

Global reaction

11 7 16

Heptane molecules

Oxygen molecules

Nitrogen molecules
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Example: initial composition of an heptane/air 
mixture at    = 0.9
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Note: Elements are conserved during combustion!

�
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Carbon atom 
(valence = 4)

C-C bond

Heptane (NC7)

C7H16 +           O2    =         CO2    +         H2O

Global reaction

11 7 16

q 3 unknows: 
q To solve for them, need 3 equations

XNC7, XO2 , and XN2

<latexit sha1_base64="ihpDhZbF2HIPRJ8NDujNxXBFBdw="></latexit>

1. Equivalence ratio � = 0.9 =
(XNC7/XO2)

(XNC7/XO2)stoic
=

(XNC7/XO2)

1/11
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XNC7 =
�

11
XO2
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2. Air definition XO2

XN2

=
XO2

XN2

����
Air

⇡ 0.21

0.79
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3. Property of mole fractions XNC7 +XO2 +XN2 = 1
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To convert into mass fractions, 
need molar masses for each:

MN2 = 2⇥ 14 = 28 g/mol = 0.028 kg/mol
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MNC7 = 7⇥ 12 + 16 = 100 g/mol = 0.1 kg/mol

<latexit sha1_base64="d+LM21VY0LRNTG2nX2XBd62y3Pc="></latexit>

MO2 = 2⇥ 16 = 32 g/mol = 0.032 kg/mol
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Description of the kinetics: the chemical mechanism
q What information do we need to describe how the system evolves in time?

q Example mechanism file (YAML format, Cantera software) 
List of elements
List of species

Specific thermochemical data for each species

11
(transport data set aside for now)
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Description of the kinetics: the chemical mechanism
q What information do we need to describe how the system evolves in time?

q Example mechanism file (YAML format, Cantera software) 

List of reactions

12

…
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Species thermodynamic properties

q Thermodynamic variables of interest for Si: heat capacity, enthalpy (and entropy, see later)
q For ideal gases, those are only a function of temperature T

13

Molar-specific [J/mol]

Mass-specific [J/kg]

Note: Why enthalpy and not internal energy?  Both can be used! Which one is most convenient depends on the 
system of interest. While thermo tables typically encode cp and h, one can switch easily to internal energy:

hi = ui +
RT

Mi
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hi = hi,ref +

Z T

Tref

cp,i dT

<latexit sha1_base64="tBT9o3Z2K5UeJXq0Au7vCQM4Pfs="></latexit>

hm
i = hm

i,ref +

Z T

Tref

cmp,i dT

<latexit sha1_base64="Zkh+CFozXfmLwG51jliBwvQZSnk="></latexit>

and hm
i = Mihi

<latexit sha1_base64="Fk5LeuRZHBJUucWXm280PeE8m20="></latexit>

cp strongly depends on species and temperature!

Figure from Poinsot and Veynante, Theoretical and Numerical Combustion
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Species thermodynamic properties
q To capture the temperature dependency properly and conveniently, temperatures are split 

into low and high ranges, and a polynomial fit is used for each part
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hm
i

RT
=

1

RT

Z T

Tref

cmp dT = a1 +
a2
2
T +

a3
3
T 2 +

a4
4
T 3 +

a5
5
T 4 +

a6
T

<latexit sha1_base64="dA4iooCg+gfcxQtpciW6cf98GNw="></latexit>

cmp
R

= a1 + a2T + a3T
2 + a4T

3 + a5T
4

<latexit sha1_base64="Om+5cYQz3OdQoqnX73wJKgsBFP8="></latexit>

sm

R
=

1

R

Z T

Tref

cmp
T

dT = a1 lnT + a2T +
a3
2
T 2 +

a4
3
T 3 +

a5
4
T 4 + a7

<latexit sha1_base64="nPvEZBYbXG3KWSuKpETitx09ko8="></latexit>

Low temperature range
High temperature range

Polynomial coefficients 
for low temperature fit

[a1, a2, a3, a4, a5, a6, a7]

Polynomial coefficients for 
high temperature fit

[A1, A2, A3, A4, A5, A6, A7]
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Species thermodynamic properties
q Since we assume an ideal gas, the thermodynamic properties of a multi-

component mixture can be evaluated from those of its components:

q For example, for heat capacity:

q Where to find those polynomials (not exhaustive)

q Distributed with chemical mechanisms (look for supplemental materials 
from relevant articles)

q Burcat database (with ATcT update) : https://respecth.elte.hu/burcat.php

q Cantera.org : large repository of YAML files with sources covering many 
species
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cmp,mix =
NsX

1

Xic
m
p,i

<latexit sha1_base64="uM61vhgeNf11xxgB4QUV8DPPYNk="></latexit>

cp,mix =
NsX

1

Yicp,i

<latexit sha1_base64="jq3Gdngk4j6CMy++IQhGZAYsy78="></latexit>

Molar-specific (J/mol.K) Mass-specific (J/kg.K)
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q Introducing stoichiometric coefficients and k5f as proportionality constant, we get the law of 
mass action :

d[H]

dt
= �⌫Hk5f [H]⌫H [O2]

⌫O2

<latexit sha1_base64="yk5zCaUsc7JEPqYCXujDIP4+YHg="></latexit>

Elementary reactions and law of mass action
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H

O2

Transition state 
(unstable)

O

OH

Rate of consumption of H 
= number of molecules per unit time that 
gets converted into H and OH

Rate should be proportional to amount of 
H and the amount of O2 available. 

• This bimolecular reaction happens when one molecule of H collides with one molecule of O2
• Collision results in the formation of products if it involves enough energy and if the molecules 

are properly oriented

Rate coefficient (of the “forward” reaction #5)

⌫H = ⌫O2 = ⌫O = ⌫OH = 1

<latexit sha1_base64="3+6BXUWLKsXyTYlyNz+Ik4FpBmg="></latexit>

⌫HH + ⌫O2O2 ! ⌫OO + ⌫OHOH (5f)

<latexit sha1_base64="1RcRkC2zmLDs4wsvWWswrxmfjD4="></latexit>

Reaction rate (of the “forward” reaction #5) 
!5f = k5f [H][O2]

<latexit sha1_base64="s/eI3AHJQADJaUISyW2MuEsc6JI="></latexit>

Consumption rate of H 
through the “forward” reaction #5)
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Closer view of the rate coefficient k

q k is only a function of the temperature, and is usually expressed 

q In Arrhenius form:

q In modified Arrhenius form: 

q Remember that reactions are (mostly) about collisions. That                comes from the 
Boltzmann population distribution in the kinetic theory of gases, which describes how the 
probability for the collision to have enough energy for the reactants to go to products 
changes with temperature.
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k = Ae�
Ea
RT

<latexit sha1_base64="sGvAE+3Gu6fEswmz8ToU2NffkUM="></latexit>

k = AT be�
Ea
RT

<latexit sha1_base64="7euOBF5bKZYQuZGeYTgzEuAv4C0="></latexit>

k = AT be�
Ea
RT

<latexit sha1_base64="7euOBF5bKZYQuZGeYTgzEuAv4C0="></latexit>

ln
 k

1000/T0.7 1 1.5

Ea  

Slope = �
Ea

R

<latexit sha1_base64="rGTSPWPn9fe6JoCS2HLUeIpHLo0="></latexit>

q Reactions with high activation energies are 
very temperature-sensitive

q Reactions are more temperature-sensitive at 
low temperatures

Ea > Ea 
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Closer view of the rate coefficient k

q k is only a function of the temperature, and is usually expressed 

q In Arrhenius form:

q In modified Arrhenius form: 

q Remember that reactions are (mostly) about collisions. That                comes from the 
Boltzmann population distribution in the kinetic theory of gases, which describes how the 
probability for the collision to have enough energy for the reactants to go to products 
changes with temperature.
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k = Ae�
Ea
RT

<latexit sha1_base64="sGvAE+3Gu6fEswmz8ToU2NffkUM="></latexit>

k = AT be�
Ea
RT

<latexit sha1_base64="7euOBF5bKZYQuZGeYTgzEuAv4C0="></latexit>

k = AT be�
Ea
RT

<latexit sha1_base64="7euOBF5bKZYQuZGeYTgzEuAv4C0="></latexit>

ln
 k

1000/T0.7 1 1.5

q Reactions with high activation energies are 
very temperature-sensitive

q Reactions are more temperature-sensitive at 
low temperatures

q Modified Arrhenius format allows for 
curvature in ln k vs 1/T space

b<0

b>0
Arrhenius

Modified Arrhenius

18



Reverse rate coefficients, equilibrium constants and the 
principle of microscopic reversibility 

q All reactions are reversible

q If a reaction proceeds in one direction, there is a non-zero probability for the 
products to collide and convert back to reactants

q Principle of microscopic reversibility: the reverse reaction follows the same path as 
the forward one on the potential energy surface 

19
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Reverse rate coefficients, equilibrium constants and the 
principle of microscopic reversibility 

q All reactions are reversible

q If a reaction proceeds in one direction, there is a non-zero probability for the 
products to collide and convert back to reactants

q Principle of microscopic reversibility: the reverse reaction follows the same path as 
the forward one on the potential energy surface 

q Forward and backward rate coefficients are not independent from one another!

q KC is related to the equilibrium constant in pressure units 
through

q Where the partial pressure of Si is defined as

q Kp is determined from thermodynamic properties

20

kf (T )

kb(T )
= Kc(T )

<latexit sha1_base64="qevcct24ZQUrJ87KIFYSm1GDtoU="></latexit>

Equilibrium constant in concentration units

Kc =
[OH]⌫OH [O]⌫O

[H]⌫H [O2]⌫O2

<latexit sha1_base64="g4XWojfMyzaz0kOjGri/1f+f+rM="></latexit>

Kc =
Kp

(RT )
P

⌫prod
i �

P
⌫react
i

<latexit sha1_base64="NEZICZ5M+Sn6k2Gj94DRXpCRuaI="></latexit>

Kp =
p⌫OH
OH p⌫O

O

p⌫H
H p

⌫O2
O2

<latexit sha1_base64="05qqVQRbkDFDWXImFzRxe0zsZQA="></latexit>

pi = [Xi]RT

<latexit sha1_base64="xmU74c8jClqdt9TMvjPZc9XaLsg="></latexit>

Kp = exp

✓
�S

o

R
� �H

RT

◆

<latexit sha1_base64="VKPIwZIQA0qlrM+8cP/fDgVY8z0="></latexit>
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Pressure-dependent reactions

q Some reactions show a dependency on both temperature AND pressure. 

q Example: recombination reaction O + O ó O2  

q Recombination of 2 radicals liberates a lot of energy. If that energy is not transferred elsewhere, 
O2 dissociates back immediately. However, O2 is surrounded by other molecules in the mixture 
to which that energy can be quickly transferred, which stabilizes it. 

q The more molecules there are close by (high pressure), the better. In that case, the reaction 
rate increases when pressure increases  

q Behavior encoded in reaction coefficient using “third body” M

q M can be any molecule in the surrounding. If all molecules are as efficient at removing energy 
from the O-O system, 

q If some molecules are more efficient, 

21

d[O]

dt
= �2kf [O]2[M ] = �2AT

b
e
� Ea

RT [O]2[M ]

<latexit sha1_base64="qVe05PSo2M+iu5zv/ZdfSwO8dso="></latexit>

where zi is the catalytic efficiency (=1 by default)

[M ] =
NsX

i=1

[Xi] =
P

RT

<latexit sha1_base64="5XLE8c4n0CTU+LRSHuTWONpdT/s="></latexit>

[M ] =
NsX

i=1

zi[Xi]

<latexit sha1_base64="+qmjVN3XzR88Xw2coGBDcUvxoOA="></latexit>
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Pressure-dependent reactions
q Some reactions show a dependency on both temperature AND pressure.

q Sometimes, the pressure dependency is more complex to capture

q Example: CH3 + CH3 ó C2H6
This reaction requires a third body at low pressure, but behaves as a “normal” bi-
molecular reaction at high pressure  

22

Stewart, Larson, 
and Golden 
(1989).

22



Pressure-dependent reactions
q Some reactions show a dependency on both temperature AND pressure.

q Sometimes, the pressure dependency is more complex to capture

q Example: CH3 + CH3 ó C2H6
This reaction requires a third body at low pressure, but behaves as a “normal” bi-
molecular reaction at high pressure  

q To recover the desired dependency, we need
q Low-pressure reaction coefficient

q High pressure reaction coefficient

q A blending function

q And an expression for F which can be more or less complicated, with or without extra 
parameters

q F = 1  (Lindemann)

q  

23

with

(Troe)
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Pressure-dependent reactions
q Some reactions show a dependency on both temperature AND pressure.

q When there is a pressure dependency, but a third body is not the best 
model for it, resort to interpolation between rate coefficients specified at 
different pressures

q PLOG approach

24
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A note of caution on units
q The units of a rate coefficient k depends on the nature of the reaction!

q Reasonable chemistry/CFD codes use SI units. Typical YAML chemical 
kinetic mechanism file starts with

25

A ! Products

<latexit sha1_base64="Y2wVblnIE1JCMqTSdZW5BGvhpUU="></latexit>

A+A ! Products

<latexit sha1_base64="W5yVPROaCK7FmgRwHGj6rRJTycA="></latexit>

A+B + C ! Products

<latexit sha1_base64="Q05CkYEHi8ExLpetWBgnaOihIEE="></latexit>

! = k[A]

<latexit sha1_base64="UI2Xvi0m1RwlMkF0JTb1NwCcTJw="></latexit>

! = k[A]2

<latexit sha1_base64="gJNCxJalREmwXKbPYO9ggn1v/04="></latexit>

! = k[A][B]

<latexit sha1_base64="vtz96Wk/OrWxvaLSJ7hWMrxqH4Q="></latexit>

! = k[A][B][C]

<latexit sha1_base64="ZaUGO8h9Hp1rNGVEAkKfJfG35+w="></latexit>

! = k[A]3

<latexit sha1_base64="74jSx7ZYU+jPgmg1b1ez0ZS5vPQ="></latexit>

Because the consumption or production rates of species are in concentration/time, 
the units for k must be

Unimolecular 1/time

Bimolecular
A+B ! Products

<latexit sha1_base64="3nNnIE4V4KAX+ICLlKHhJSX3Zdg="></latexit>

Trimolecular A+A+A ! Products

<latexit sha1_base64="GTtSdfTg4hlwAQhKM/kAxTdUfA8="></latexit>

1/time/concentration)

1/time/concentration2

What do you think?
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Assembling chemical kinetic mechanisms
Combustion kinetics is quite complex, even when the fuel is a simple molecule.

q How are thermodynamic data obtained?

q Experimentally through combustion calorimetry (limited, expensive)
q Ab initio quantum chemistry (Gaussian, VASP etc.)
q Group additivity: molecule property estimated based its structure, using 

contributions from its atoms and their bonding partners, with correction for long 
range effects (THERM, NIST database, THERGAS, CRANIUM)

q Recently, effort to generalize with machine learning approach

q How are k’s obtained?

q Experimentally, when there is a way to isolate the reaction
q Numerically, from first principles (rate theory equations, relies extensively on     ) 
q When those are not possible, approximations of varying accuracy can be obtained 

using rate rules
q Relate reaction to others, usually simpler ones for which k is known

q How are all those reactions put together?

q Manually, using a modular approach
q Increasingly with the help of computers and automated approaches

q Example: RMG 
https://github.com/ReactionMechanismGenerator/RMG-Py

26
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Governing equations – Conservation of mass
q Variables of interest: mass fractions Yi, Temperature

Constant volume (box!) so density is constant. 
Pressure can be obtained from EOS

q Net rate of reaction of reaction j

q Molar production of species Si

q Conversion to mass fractions:

q Final equation for mass fraction Yi: 
 

q Question: is mass indeed conserved? How to we check?

27

!j = kf ,j⇧
Ns
i=1[Xi]

⌫®i,j * kb,j⇧
Ns
i=1[Xi]

⌫©i,j

<latexit sha1_base64="8nKFiNwNYpYeFYr5gDpK8UmleeA="></latexit>

d[Xi]
dt

=
Nr…
j=1

⌫i,j!j

<latexit sha1_base64="b9FMjkSfOaWVIAtj3H5iq3Ygd+M="></latexit>

With                           for reactants (consumption of species)
and for products (production of species)    

⌫i,j = *⌫®i,j

<latexit sha1_base64="hKwnk32k2QG47lQ4N7e0W4UyXGs="></latexit>

⌫i,j = ⌫©i,j

<latexit sha1_base64="VBxQ6hNWjcxQ60Il3uIFiNQeff8="></latexit>

[Xi] =
⇢Yi

Mi
=

n

V
Xi

<latexit sha1_base64="d1c/FsG5TgWgAjOGcfmqywUXAIk=">AAACInicbVDLSgMxFM3Ud31VXboJFsFVmZGKuhBEN26ECvYhnWHIpJk2NJMZkjtCGeZb3Pgrblwo6krwY0wfiLYeSDiccy7JPUEiuAbb/rQKc/MLi0vLK8XVtfWNzdLWdkPHqaKsTmMRq1ZANBNcsjpwEKyVKEaiQLBm0L8c+s17pjSP5S0MEuZFpCt5yCkBI/mlU1ewENotn7uKd3vg4TPshorQzFW9GN/5PM+uzfUjS5xnjdzk/VLZrtgj4FniTEgZTVDzS+9uJ6ZpxCRQQbRuO3YCXkYUcCpYXnRTzRJC+6TL2oZKEjHtZaMVc7xvlA4OY2WOBDxSf09kJNJ6EAUmGRHo6WlvKP7ntVMIT7yMyyQFJun4oTAVGGI87At3uGIUxMAQQhU3f8W0R0wTYFotmhKc6ZVnSeOw4lQrRzfV8vnFpI5ltIv20AFy0DE6R1eohuqIogf0hF7Qq/VoPVtv1sc4WrAmMzvoD6yvbye6pA8=</latexit>

dYi
dt

=
Mi
⇢

Nr…
j=1

⌫i,j!j

<latexit sha1_base64="PIM8D49ETYRBdRpKLyY8+P2Qrl0="></latexit>
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Governing equations – Conservation of energy

q First Law of thermodynamics
(System = box, adiabatic, no friction work)

q Time derivative of specific energy u :                                                
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dE = �Q + �W = 0

<latexit sha1_base64="UtnlTjjt1a2pf+7XJMYEokQUfE8="></latexit>

du
dt

= 0

<latexit sha1_base64="gw0y4Rn82eJwwY4UPz1/RzX//4I="></latexit>

u =
Ns…
i=1

uiYi

<latexit sha1_base64="vqV36xVW8kkVzv0rWqxwsqX7KFw="></latexit>

du
dt

= 0 = d
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…

i=1
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I

<latexit sha1_base64="VMcXGpxDaHQ3XaIdpqHGZ2p28qE="></latexit>

0 =
Ns…
i=1

d
dt

�
uiYi

�

<latexit sha1_base64="WOv69Z8tD6jOJAvKSy754qBAVAk="></latexit>

0 =
Ns…
i=1

0
ui
dYi
dt

+ Yi
dui
dt

1

<latexit sha1_base64="kh3P5PSSP+wmUScJ11VQRSPovVA="></latexit>

dui
dT

dT
dt

= cv,i
dT
dt

<latexit sha1_base64="HSTR/3ojYH+BNOOHAmENL759GfE="></latexit>
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Ns…
i=1

ui
dYi
dt

+ dT
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cv,iYi

<latexit sha1_base64="N6XvM7mz/qWQCCxgSPbphQ+WNVU="></latexit>

cv of mixture

<latexit sha1_base64="YlmV7zn5facxUQ44o1i0ZVjngLU="></latexit>

dT
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dYi
dt

M

<latexit sha1_base64="PcZaN19imUOx0C0tWpOaaHOCQws="></latexit>

Thermochemistry expressed in terms 
of cp and h!

ui = hi *
RT
Mi

<latexit sha1_base64="Kc0+VdUXFm11hP6YynZMEShu0WE="></latexit>

cp,i = cv,i +
R
Mi

<latexit sha1_base64="fbE/+poRDGFZXuxan1eeBas+6d8="></latexit>
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R
M

LNs…
i=1

0
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RT
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1 dYi
dt

M

<latexit sha1_base64="btUCQm79vWxV5hCvP1dk2vonogE="></latexit>
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How tricky is the system of equations we are trying to solve, really?

q The dimensionality issue
Chemistry of even simple pure fuels involves 
thousands of Reactions.
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Size of selected detailed and skeletal mechanisms for hydrocarbon 
fuels superimposed with colors indicating the approximate time when 

the mechanisms were compiled. 

Reproduced from Law & Lu, 2008, 2012

GC-MS analysis of algal 
biodiesel

Jet A ion chromatogram  
J. Shepherd et al, 1997

Realistic fuels involves hundreds of 
compounds
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How tricky is the system of equations we are trying to solve, really?

The stiffness issue
Consider a very simple example

30

Numerical integration of the ODE is discrete
• Proceeds in discrete time intervals
• Discretized equation using forward Euler 

�t

<latexit sha1_base64="2vR/4zUEnGlRiEDTMF+cuAytlU0="></latexit>

[A] í y

<latexit sha1_base64="fKzJmvTQQcUnxusK+441+iQZHd4="></latexit>

yi+1 * yi
�t = *kyi

<latexit sha1_base64="FWTEpSVp7h8pz5CSYL4BgLuf9F8="></latexit>

yi+1 = (1 * k�t) yi

<latexit sha1_base64="P/NrG2QGmQ6nhijuMg5BJixGfDo="></latexit>
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How tricky is the system of equations we are trying to solve, really?

The stiffness issue
Consider a very simple example

31

Numerical integration of the ODE is discrete
• Proceeds in discrete time intervals
• Discretized equation using forward Euler 

�t

<latexit sha1_base64="2vR/4zUEnGlRiEDTMF+cuAytlU0="></latexit>

Step 1

[A] í y

<latexit sha1_base64="fKzJmvTQQcUnxusK+441+iQZHd4="></latexit>

yi+1 * yi
�t = *kyi

<latexit sha1_base64="FWTEpSVp7h8pz5CSYL4BgLuf9F8="></latexit>

yi+1 = (1 * k�t) yi

<latexit sha1_base64="P/NrG2QGmQ6nhijuMg5BJixGfDo="></latexit>
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How tricky is the system of equations we are trying to solve, really?

The stiffness issue
Consider a very simple example
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Numerical integration of the ODE is discrete
• Proceeds in discrete time intervals
• Discretized equation using forward Euler 
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�t = *kyi
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yi+1 = (1 * k�t) yi
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Step 2
Catastrophic error!

How to choose        to get a stable solution?
• Introduce a disturbance at ti, and look at its evolution in time. 

If                  , the integration scheme is unstable  

• With a touch of algebra and some Taylor expansion, we can show that
that is, the criterion for stability is  

�t

<latexit sha1_base64="2vR/4zUEnGlRiEDTMF+cuAytlU0="></latexit>

ÛÛÛÛ
"i+1
"i

ÛÛÛÛ = 1 * k�t

<latexit sha1_base64="wniCOsiIxE5cq984ZStCRug0gJ0="></latexit>
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ÛÛÛÛ > 1

<latexit sha1_base64="q6BPFI3egDUl9mz1pwiAXvoqyxo="></latexit>

�t < 1
k

<latexit sha1_base64="HYIcNign7zHnGk6StQlqPSY4iUk="></latexit>
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How tricky is the system of equations we are trying to solve, really?

What does it have to do with our chemical kinetics?

q 1/k in our previous example is the characteristic time scale of the dynamic system.

q For the more complex system associated with a detailed chemical kinetic mechanism, we 
can calculate characteristics time scales by computing the eigenvalues of the Jacobian 
matrix (partial derivative of the chemical source term with respect to the state variables)

q Each eigenvalue λ is associated with a stability constraint of the type 

q The largest eigenvalue, ie the fastest time step, controls the time step.

33

1 * ��t < 1

<latexit sha1_base64="fDxdo6vFxo5E83wOpokFwjolruk="></latexit>

Typical homogeneous 
combustion case

Caudal et al. PROCI 2012

Time scale of interest – 1 s
Fastest time scale in the system – 1e-10 s
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How tricky is the system of equations we are trying to solve, really?

q A system is NOT stiff if the local accuracy requires to take time steps of the same 
order of magnitude as the smallest time scale

q A system IS stiff when stability requirements require to take much smaller time 
steps than what accuracy requirements would allow us 

q Integrating chemical kinetics equations require the use of efficient implicit solvers
q DVODE, CVODE, ODE23s in Matlab

q Those solvers (which involve inverting large matrices) come at a very large additional 
computational cost compared to simple, explicit or semi-explicit methods

q Active area of research to develop methods to reduce stiffness
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What about results?
q We now know or have:

q A chemical kinetic mechanism containing all necessary thermochemistry and reactions 
q Governing equations for mass and energy
q Methods to integrate those equations in time 
q Just need a solver! You can write your own (fun, but 100% would not recommend) or 

use one of many software available: Cantera, FlameMaster, Chemkin (commercial) etc.
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